THE SZEMEREDI PROPERTY IN ERGODIC W*-DYNAMICAL 

SYSTEMS 



CONRAD BEYERS, ROCCO DUVENHAGE AND ANTON STROH 



Abstract. We study weak mixing of all orders for asymptotically abelian 
weakly mixing state preserving C*-dynamical systems, where the dynamics 
is given by the action of an abelian second countable locally compact group 
which contains a F0lner sequence satisfying the Tempelman condition. For a 
smaller class of groups (which include TI^ and M'') this is then used to show 
that an asymptotically abelian ergodic W*-dynamical system either has the 
"Szemeredi property" or contains a nontrivial subsystem (a "compact factor" ) 
that does. A van der Corput lemma for Hilbert space valued functions on the 
group is one of our main technical tools. 



1. Introduction 

Consider a measure preserving dynamical system (X, E, T), i.e. T is an invert- 
ible measure preserving transformation of a probability space (X, namely a 

set X with (j-algebra E on which ly is e. measure with — 1. Furstenberg [TTj . 

[H] proved that for any such system 

1 ^ 

liminf — y n T~"{A) D T-2"(^) n ... n T-''"{A)) > 

n— >oo iV — ^ 

n=l 

if i^iA) > 0. We will refer to this as a Szemeredi property; also see |14j . To prove 
this result requires (among other things) a structure theory in terms of so-called 
weakly mixing systems and compact systems. 

Weak mixing is an important notion in ergodic theory, introduced by Koopman 
and von Neumann [IS] in 1932 for actions of the group K. Iterates of T above can 
be viewed as an action of the group Z, and in this case the system above is called 
weakly mixing if 

1 ^ 

lim - J2 HA n T-{B)) - iy{AMB)\ = 

n=l 

for all A, B £ Y,. Under this assumption Furstenberg proved that the system is in 

fact weakly mixing of all orders, namely 

(1.1) 

1 ^ 

lim - V \,,{Ao n T-"i"(Ai) n ... n T-""="(Afe)) - ,,{AoMA,)..M{Ak)\ = 

n=l 
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for all AQ,...,Ak G S, all mi, ...,mk G N with mi < m2 < ... < mk, and all 
k E N = {1, 2, 3, ...}, from which the Szemeredi property then follows easily for 
weakly mixing systems. On the other hand, the system is called compact if the 
orbit {/ o T" : n G Z} of every / G L'^{v) is relatively compact in L'^{v). Such 
systems can also be shown to have the Szemeredi property. As one might expect, 
these and related ideas have been studied for actions of more general groups; see 
for example [8], [2] (Section 4), [3] and g]. 

The results of this paper form part of a programme to extend the structure theo- 
rems developed by Furstenberg and others to the operator algebraic setting. In this 
paper we first study weak mixing of all orders in a non-commutative C*-algebraic 
setting where {X, E, v, T) is replaced by a C*-dynamical system [A, w, r) where oj is 
a state on the unital C*-algebra A, and r a group of *- automorphisms of A keeping 
Lo invariant. This problem has also been studied by Niculescu, Stroh, and Zsido 
[18j for actions of Z, however we allow more general groups, namely abelian sec- 
ond countable locally compact groups which contains a F0lner sequence satisfying 
certain conditions. The role of a F0lner sequence is to replace the sequence of sets 
{1, appearing in the averages in the expressions above. We then proceed to 

the Szemeredi property for compact C*-dynamical systems (Section 5). Finally, in 
Section 6, we use the results of the previous sections to study ergodic W*-dynamical 
systems (where A above is a cr-finite von Neumann algebra) , however we only show 
that an asymptotic abelian ergodic system either has the Szemeredi property, or 
has a subsystem (called a factor) that has this property . This final result (Theorem 
6.10) is proved for a smaller class of groups which however still contains and Mfl. 
Many of the intermediate results hold for more general groups or semigroups, as we 
will indicate. The asymptotic abelianness we refer to here is of a relatively weak 
form, namely "in the average" or "in density" as defined in Section 4. Asymptotic 
abelianness is needed to handle the weakly mixing case, while the compact case 
works without it, however in the latter we assume uj to be tracial while in the 
former we do not. So a certain level of commutativity is always present. 

The largest part of the paper is devoted to the weakly mixing case. One of the 
technical tools we use in this case is a so-called van der Corput lemma which we 
discuss in Section 2. This type of lemma and related inequalities, inspired by the 
classical van der Corput difference theorem and van der Corput inequality, have 
been used by Bergelson et al [1], [3], Furstenberg [13 , Niculescu, Stroh, and Zsido 
[18j . and others, to study polynomial ergodic theorems, nonconventional ergodic 
averages, and noncommutative recurrence, for example. We extend the van der 
Corput lemma to more general groups, namely second countable amenable locally 
compact groups. The main result of this section is given by Theorem 2.6. After 
some preliminaries on weak mixing in Section 3, we devote Section 4 to showing 
how weak mixing implies weak mixing of all orders. The form of weak mixing of 
all orders we prove, involves replacing the multiplication with mi, ...,r7ifc in (1.1), 
by homomorphisms of the group over which we work, and this motivates why we 
incorporate such homomorphisms in a generalized definition of weak mixing in 
Section 3. The main result of Section 4 is Theorem 4.6. 
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2. A VAN DER CORPUT LEMMA 

This section is devoted to proving a van der Corput lemma, stated in Theorem 
2.6. Our proof of the van der Corput lemma will roughly follow that of [13] over 
the group Z. 

For (Y, fi) a measure space and f) a Hilbert space, consider a bounded function 
/ : A — > with A C Y measurable and /i(A) < oo, and {/{■), x) measurable for 
every x E Sj. Define /d/i G by requiring 

(2.1) fdfi, x^ := ^ (/(y), x) dfi{y) 

for all a; e i^. We will often use the notation f{y)dy — fd^x, since there will be 
no ambiguity in the measure being used. Iterated integrals (when they exist) will 
be written as /g f{y, z)dydz, which of course simply means [J^ f{y, z)dy'\ dz, 
and similarly for triple integrals. 

In a group G we will use the notations Vg :— {vg : v S V}, VW :— {vw : v £ 
V,w e W}, := {v~'^ : v G V}, etc. for any V,W C G and g e G, and we will 
use multiplicative notation even when working in an abelian group. 

In Sections 2 to 4 of this paper G denotes an abelian second countable locally 
compact group with identity e, and regular Haar measure fi. Since G is abelian, it 
is amenable. In this section and the next the abelianness of G is in fact not crucial; 
the proofs go through even if G is not abelian but still amenable, and fi is right 
invariant (but see the remarks just before Theorem 2.6). Unfortunately in Section 
4 this is not the case. 

Since G is second countable and locally compact, it is cr-compact and hence its 
amenability (even for a nonabelian group) is equivalent to the existence of a F0lner 
sequence (A„) in G defined as follows: 

Definition 2.1. A F0lner sequence in G is a sequence (A„) of compact subsets of 
G such that < ^(A„) for all n, and 

(2.1.1) hm ^(^"^'/^-g)) = 

ri^oo /i(A„) 

for aU g e G. 

Refer to Theorem 4 in [3] and Theorems 1 and 2 in [TU] for a very clear exposition 
of this. In fact, these papers show that we can choose a F0lner sequence with 
stronger properties than those in Definition 2.1, but our definition will suffice for 
this paper. Furthermore, Theorem 3 in [9j shows that Definition 2.1 implies uniform 
convergence of (2.1.1) on compact sets, ie. 

,. A^(A„A(A„g)) 
lim sup — 7 = 

for any non-empty compact K <Z G. We will have occasion to use this important 
fact later on. Throughout Sections 2 to 4, (A„) will denote a F0lner sequence in 
G. At the end of Section 4, we briefiy consider simple examples of such sequences 
in Z« and W. 

We assume second countability, since for second countable topological spaces 
A, y, and their Borel a-algebras S*, T, the product cr-algebra obtained from 5, T is 
the same as the Borel ct- algebra of the topological space X xY . This is needed 
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ill order to apply Fubini's theorem, which requires measurabihty in the product 
cr-algebra. 

Proposition 2.2. Consider a bounded f : G ^ Sj with Sj a Hilbert space, such that 
(/(•), x) is Borel measurable for every x € Sj. Then 



lim 

m— >oo 







for every n. 

Proof. By (2.1) and Fubini's theorem 

f{gh)dhdg 



A™ -^A 



A„ J A 



f{gh)dgdh 



and in particular these iterated integrals exists. From this and the fact that is a 
right invariant measure, we have 

1 



1 



f{9)dg- / figh)dg 

A„ JAm 



dh 
dh 



/i(A„) /x(A„i) J A 

An I -/\.m\(Amn(Amfl)) ^ ^ »^A„i/l)\(Am n(Am 

But if 6 G R is an upper bound for ||/(G)|| , we have 



f{9)dg 



dh 



' Am\{Amn{Amh)) 

therefore 



f{9)dg 



(A„/j)\(A„n(A„/i)) 



f{9)dg 



< & sup /X (AtoA(Ato/i)) 



b L - I Am L ^^''^'"'^ 



m(a 



< — TT — zb sup ll{Am^{Kmh)) 




as m — >■ 00. 



□ 



Lemma 2.3. Let S) be a Hilbert space, {Y,fj,) a measure space, and A C Y a 
measurable set with /x(A) < oo. Consider an f : A ^ Sj with ||/(-)II measurable, 
and (/(•), x) measurable for every x & Sj, and with \\f{y)\\ dy < oo (which means 
Jj^fdfj, exists). Then 



2 

/ /rfM < m(A) / 
Ja J a 



<m(a) / ii/(2/)ir 

A 
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Proof. From the definition of fd/i, 



[ fdfi = f \f Re{f{y),fiz))dz 

J A J A Ua 



dy 



< 



\\f{z)\ndz 



dy. 



□ 



Proposition 2.4. Consider the situation in Proposition 2.2. Assume furthermore 
that F : GxG — >■ C : (5, ft,) i— >■ {f{g),f{h)) is Borel measurable, and that Ai, A2 C G 
are Borel sets with /u(Aj) < 00. Then 

( I f{gh)dhdg <ii{K2)l I I {fighi),f{gh2))dgdhidh2 

J A2 J Ai J Ai J Ai J A2 

and in particular these integrals exist. 

Proof. The double integral exists as in Proposition 2.2's proof. Let's now consider 
the triple integral. Since F is Borel measurable and G 's product is continuous, 
{g, hi) i-> {f{ghi), f{gh2)) is Borel measurable on GxG = and hence measurable 
in the product tr-algebra on G^. By Fubini's theorem we have 



Ai J A 



{fighi), f{gh2)) dgdhi = 



{f{gh,),f{gh2))d{hi,g) 



Ai XA2 



and in particular the iterated integral exists. Furthermore, G x G"^ G"^ : 
{h2,hi,g) H> (5/11, 51/12) is continuous, soGxG^ -)■ C : {h2,hi,g) H> {f{ghi),f{gh2)) 
is measurable in the product cr-algebra of G and G^. Hence by Fubini's theorem 



/ / 

JAi JAi 



{f{9hi),f{gh2))d{hi,g)dh2 = 



X A2 



ifighi), f{gh2)) d{h2, hi,g) 



Ai X Ai XA2 



and in particular, the triple integral exists, and we can do the three integrals in any 
order. By Lemma 2.3 it follows that 

2 



/ / f{gh)dhdg 

J A2 J Ai 
< M(A2) 



fi9h)dh 



dg 



= H{A2)[ I I {f{ghi),f{gh2))dgdhidh2 

J Ai J Ai J A2 



/a, f{g^)dh 



IS 



and note in particular that the last eqiiality proves that g h- > 

measurable (and therefore its square root too), which means that Lemma 2.3 does 
indeed apply to this situation. □ 

Proposition 2.5. Consider the situation in Proposition 2.2. Assume that F : 

G X G <C : {g,h) ^ {f{g),f{h)) is Borel measurable. Then {f [g) , f {gh)) dg 
exists for all measurable A C G with fi{A) < oo, and all h G G. Assume that 



'^f' I '\f{g)^f{gh))dg 
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exists for all h £ G. Then 

lim .\ . / / / {f{ghi),f{gh2))dgdhidh2= [ [ ^f^-i.dhidh2 

m^-OO H{Am) J An J An J An, J An J An 

for all n, and in particular these integrals exist. 

Proof. The triple integral exists by Proposition 2.4. Let b be an upper bound for 
{g, h) \{f{g), f{h))\, which exists since / is bounded. Fix any m € N, and set 

An{hi, h2) •■= ^^^^ ifighi), f{gh2)) dg 

for all h\,h2 £ and all n. Note that An(h\,h2) exists and is a measurable 
function of (/ii,/i2) by Fubini's Theorem. Since F is Borel, and G ^ : g ^ 
{g, gh) is continuous, the map G ^ €, : g ^ {fid)^ f{9^)) is Borel for every h G G. 
Now, 



An{hi,h2)-7h-^h, 



< 



1 



m(a„) 



ifighi), figh2))dg- / {fig),figh^^h2))dg 



+ 



^^jjfi9lfi9K'h2))dg-,,-.,^ 



for all hi G G and /12 € G. But since is a right invariant measure 
1 



At(A„) 



ifighi), f{gh2))dg- / {f{g),f{gh^'h2)}dg 



< 



KK) 
1 



A„?n 



{fig),f{ghi'h2))dg- / {f{g),f{gh^^h2))dg 



< 



m(a„) 

/i(A„A(A„fti)) 



/ \{fig),f{ghi'h2))\dg+ [ \{f{g),f{ghi'h2))\dg 

J{Anhi)\An JAn\{Anhi) 



M(An) 

for all fti G G. Hence lim„i^oo ^-2) = lh-^h2- 

Furthermore, |^rs(fti, ^2)! < /a ^"^^ ~ ^' which implies that the sequence 

An is dominated by B : Am x Am — > K : (/ii, /12) >->■ Hence A^ x Am 9 (/ii, /12) 1-^ 
7^-1^^ is in L^{Am x Ato,/x x /x) and 

lim / An{hi,h2)d{hi,h2) = lh-^h->'^ihi,h2) 

"^°°A^xA^ J An, X An, ^ 

by Lcbcsgue's dominated convergence theorem. The proposition now follows by 
Fubini's Theorem. □ 

Now wc can finally state a van dcr Corput type lemma. It is worth pointing out 
again that the following result continues to hold even if G is not abelian, but still 
amenable, and n is right invariant. The placing of the g in (2.1.1) is then of course 
important. Lemma 2.7 and Proposition 2.8 however require fi to be left rather 
than right invariant when G is not abelian, while they do not directly use property 
(2.1.1). 
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Theorem 2.6. Consider a bounded f : G ^ S^, with a Hilbert space, such that 
(/(•), x) and (/(•), /(•)) : G X G — >■ C are Borel measurable (for all x £ Sj ). Assume 

7ft := lim / {f{9),f{gh))dg 

exists for all h G G. Also assume thai 

(note that the integral exists by Proposition 2.5). Then 

lim — - / fdfj, = 0. 



M(Am) 

Proof. By Proposition 2.2 and Proposition 2.4 we only have to show that for any 
£ > there is an n and mo such that |^n,rn| < e for all m > mo where 

^ ^ ^ ^ {f{ghi),f{gh2))dgdhidh2. 



m ) J 

But this follows from Proposition 2.5 and our assumptions, namely 

lim lim An,m = lim ] I [ ^y^-i^^ dhidh^ = 0. 



A„ J A, 



□ 



We still need a few refinements regarding condition (2.6.1): 

Lemma 2.7. Let A c G be Borel and fj.{A) < oo, and S C G Borel such that 
A~^A c S. For a Borel / : G IR+ we then have 

f{h^^h2)dhidh2 < /x(A) / fd^. 



I A J A 

Proof. Let X denote characteristic functions, and set : A x A — > G : {hi, /12) ^ 
hi /i2- Then f o (p is Borel on A x A, and therefore measurable in the product 
(T-algebra on A x A obtained from A 's Borel cr-algebra, since (p is continuous. Let 
Y C A-^A be Borel in G. For C G x G, let Wg := {h : {g, h) e W}. Then, 
since i^~^(F) is Borel in A x A and hence Borel in G x G, it follows that tp~^{Y) 
is in the product a-algebra on G x G, hence we can consider {fj, x fj) [ip~^(Y)) = 
J^ti{^-HY)g)d9. Now 

ip-\Y) - {{g,gh) : h G Y,g € An {Ah-')} C {{g,gh) : h e Y, g e A} =: V 

but Vg = gY, therefore (</?~^(F)g) < n{Vg) = ^i{gY) = n{Y), since is left 
invariant. Hence 

/ XYO ^d{ii X ii) = (/i X /i) {ip'\Y)) 

J AxA 

= m(A) / Xrdu 
Js 

Thcirc! is an increasing sequence fn : S —i- M+ of simple functions converging 
pointwise to /. From the above we know that 



/ /n ° <pd{n X n) < /i(A) / f„dn 
Jaxa Js 
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and by applying Lebesgue's monotone convergence first on the right and then of 
the left of this inequality, we obtain 

nf {h^^h2) dhidh2 = fo ^d{n x /x) < /u(A) / fdn 
JAxA JS 

as required, where we have used Fubini's theorem, which holds in this case, since 
/ is non-negative. □ 

Proposition 2.8. Consider a Borel measurable function 7 : G — >■ C and let jh '■= 
7(/i) for all h G G. Also assume that 



1™ "TTT / hh\dh = 0. 



Then 



lim /l^ I [ 7.-ift rf/iirf/i2 = 
if the iterated integral exists for all n>no for some hq. 
Proof. Since A„ is compact, A~^A„ is Borel, and so 



/x(A, 



1 

< 



At(A„) 



A„ J A, 



dhidh2 



< I \lh\dh 



by Lemma 2.7. □ 

3. Weak mixing 

In this section we define weak mixing, and study some of its characterizations 
using simple tools like density limits. This sets the stage for our study of weak 
mixing of all orders in the next section. As mentioned in Section 2, G need not 
be abelian in this section. In fact, even the properties of F0lner sequences are 
not needed until Corollary 3.8 (this means that in Definition 3.2 below one could in 
principle work with an arbitrary sequence (A„) of Borel sets in G with < (A„) < 
00). The material in this section is fairly standard, except that we work with the 
notion "M-weak mixing" (and "M -ergodicity" ) , which is important in Section 4. 

Definition 3.1. Let w be a state on a unital *-algcbra A, i.e. a linear functional 
on A such that u{a*a) > and w(l) = 1. Let Tg be a *-automorphism of A for 
every g G G such that TgOTu = Tgu for all g,h G G, and such that Tg is the identity 
on A and G — > C : 5 1— > uj{aTg{b)) is Borel measurable for all a,b <E A. Then we'll 
call {A,ijj,t,G) a ^-dynamical system. If we further have that A is a C*-algebra, 
and the state is preserved, i.e. w o = w for all g in G, then {A, w, r, G) is called 
a C*-dynamical system. 

Suppose that {A, co, t, G) is a ^-dynamical system. Then so is {A,uj, r, G) where 
ZJ{a) = ui{a), while A is the *-algebra A with the original scalar multiplication 
replaced by a • a = aa for all a e C and a G A. If A^ A denotes the algebraic 
tensor product of A with A, then (A (g) A, w (g) w, r (8) r, G) is also a ^-dynamical 
system, where (r (g) t)^ := Tg (gi Tg. When A is normcd, we assign the same norm 
to A, and on A^ A for our purposes any norm satisfying \\a (g) 6|| < ||a|| ||6|| will 
do, for example the spatial C*-norm when A is a C*-algebra. However, even in the 



THE SZEMEREDI PROPERTY 



9 



normed case, A(x) A will denote the algebraic tensor product; we will not work with 
the completion in the norm. 

For a group G, let Hom(G') denote the set of all group homomorphisms G ^ G. 

Deflnition 3.2. Let (j4,a;,T, G) be a *-dynamical system and consider an M C 
Hom(G) such that G — > C : <? i-> w(ar^(g)(b)) is Borel measurable for all ip G M. 
(i) {A,uj,T,G) is said to be M- weakly mixing relative to (A„), if 

^™ —rr-^ I \^i(^Tv{g)(^)) - w(a)w(6)| dff = 

n^co ^(A„) h ' ' 



m(a„) 

for all a,b € A, and for all G M. 

(ii) {A,u,T,G) is said to be M-ergodic relative to (A„), if 

lim ,\ . [ uj{aT^(g){b))dg = uj{a)uj{b) 

for all a,b € A, and for all (p G M. 

Remarks on Definition 3.2. If {A,u),t,G) is a *-dynamical system, then so 
is (a, w,r^(.),G) for any (/? e M. So essentially we're looking at a set of systems 
indexed by M , and one can therefore expect that the; known properties of weakly 
mixing and ergodic systems will extend to the situation in Definition 3.2, as we'll 
review in the rest of the section. In the case of G = Z, A„ = {1, ...,«} and with 
M = {idz}, Definition 3.2(i) corresponds to the usual definition of weak mixing for 
an action of the group Z. Since all homomorphisms of Z are of the form n kn for 
some fc G Z, one can then easily show for a C*-dynamical system that {zdzj-weak 
mixing implies Hom(Z)\{0}-weak mixing, where is the homomorphism n i— t- 0. 
Note more generally that if the homomorphism given by <fio{9) = e for all g € G is 
in M then the system cannot be expected to be M-weakly mixing, hence we would 
not want (po to be in M. We mention this simply because ipo does appear in the 
theory to follow, but not as an element of M. 

We now turn to a few technical tools which wc will need in Section 4. 

Definition 3.3. (i) A set i? C G is said to have density zero relative to (A„), and 
we write £'(a„)(-R) = 0, if and only if there exists a measurable set S C G, with 
Rc S such that 

M(An n S) 
hm ,. , = 0. 

(ii) We say that f : G ^ L, with L a real or complex normed space, has density 
limit a £ L relative to (A„), if and only if for each e > 0, D(a„)(S'£) = 0, where 

S, := {h€G:\\f{h)-a\\>e}, 

and we write it as 

^(A„)-l™/ = ■D(A„)-lim/(/i) = a. 

Note that if R and S have density zero relative to (A„) and V C S, then ROS, 
RU S and V also have density zero relative to (A„). 
We now give a Koopman-von Neumann type lemma: 

Lemma 3.4. Let / : G — >■ [0, oo) be bounded and measurable. Then the following 

are equivalent: 

(1) D(A„)-lim/ = 
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i^P 7;7ri / / = 

n-^oo IJ,[A„) Jj^^ 

Proof. For every e > 0, let '■= {h & G : f{h) > e}, which is a measurable set, 
sinee / is measurable. 

(1) (2): From (1) we have that each Sg has density zero relative to (A„). 
Given any £ > and index a, consider the term 

X / fdt^ = /! ^ / f dii+ ^ [ fdiJ,. 

Since Sg has density zero relative to (A„) 

0<-^[ /d^<£%Il^sup/(G)^0 



as n — >■ 00. Also, 

< , , , / f dn < ,. , £ < £ 

hence 

1™ / fdl^ = 0- 

(2) (1): Clearly exSe ^ /■ Also note that £'(a„) ('S'e) = 0, since is measur- 
able and 

^,(A n^.) 1 ^ 

/x(A„) /^(An) Ja„ 

which tends to zero as n — > oo. □ 

CoroUciry 3.5. Let f : G ^M. be bounded and measurable. Then 

lim / \f(h)? dh = 



n—^oo 



if and only if 

lim I \f{h)\ dh = 0. 

Proof. Given any £ > 0. Let 

:= {/i G G : [f{h)f > £2} = {/i e G : \f{h)\ > e}. 
Suppose that limn^^ j^;^ Jj^Jf (h)]'^ dh = 0, i.e. D(A„)-lim?i[/(/i)]2 = by 
Lemma 3.4. By the definition of the density limit we have Z)(A^)(6'e) = 0. Since £ > 
is arbitrary, we conclude that D(A„)-hm |/| = 0, and hence lim„_>.oo ^(a^) /a I/(^) I dh ■ 
by Lemma 3.4. The converse follows similarly. □ 

As a result, the |-| in Definition 3.2(i) of M-weak mixing, can be replaced by |-|^, 
which is useful below and in Section 4. 

Lemma 3.6. Let f : G ^ C bounded and measurable. Let /3 S C. // 

lim / f{h)dh = p and lim [ \f{h)\^dh=\l3\^ 



then 



lim / \f{h)-P\'dh = 0. 

n^oo ^(A„) Ja„ 



THE SZEMEREDI PROPERTY 



11 



Proof. This follows immediately if we note that 



1 



im - m{h) - p)dh 



^Wn)j^ {\fif^)\'-/^W)-Pfih) + \/3f)dh 
-)■ 

as n — >■ 00. □ 

Next we consider standard characterizations of weak mixing, that we will need. 

Proposition 3.7. Let {A, u), r, G) be a ^-dynamical system and M c Hom{G) such 
that g (jj{aT^(^g^{b)) is measurable for all a,b £ A and all f € M. The following 

are equivalent: 

(1) (j4,w,t, G) is M -weakly mixing relative to (A„). 

(2) {A® A,ui ®W,T ® T, G) is M -weakly mixing relative to (A„). 

(3) (A (g) A, a; oJ, T (g) T, G) is M-ergodic relative to (A„). 

Proof. (2) ^ (3): Follows immediately from Definition 3.2. 
(3) ^ (1): Let a,b e A and (p € M . We have 



= lim 

n-s-oo ^[An) 



= lim \ [ w (g) w ((a (g) 1)(t (g) t)^(„)(6 (g) 1)) (i^ 

= w g) Lj{a g) l)w (g 07(6 ig 1) 
= oj{a)oj{b). 

Furthermore, 

= w g) ZJ{a g) a)oj (g aJ(6 (g 6) 

Therefore by Lemma 3.6 we have that 

If. ,2 

and it follows from Corollary 3.5 that {A,uj,t,G) is M-weakly mixing relative to 
(A„). 

(1) ^ (2): Given any (p G M and a,b e A (S) A, with a = X]J=i % ® and 

b = Z^fcLi ^fe 'S?' <ik where ai, . . . , a„, &i, . . . , 6^ e A and di, . . . G A, 

then 
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cj w (a(r T)ip(g) (b) - oj ig) uj{a)uj ® u}{b)) 



n m 



+ |a; (ajr^(g)(6fc)) w(cj)w(dfe) - uj{aj)uj{cj)uj{bk)uj{dk)\) 



j=i k=i 



+ l^^(cj)w(dfc)l h (aiT^(g)(6fe)) ~ i^{aj)uj{bk)\) 



hence (2) follows from Definition 3.2(i). 



□ 



We can now show that the definition of Af-weak mixing relative to a F0lner 
sequence, is independent of the F0lner sequence being used: 

Corollary 3.8. // a state preserving ^-dynamical system (A,uj,t,G) is M -weakly 
mixing relative to some F0lner sequence in G, then it is M-weakly mixing relative 
to every F0lner sequence in G. 

Proof. By the mean ergodic theorem (see [7;) the A/-ergodicity of a ^-dynamical 
system is independent of the F0lner sequence being used. Hence M-weak mixing 
is also independent of the F0lner sequence by Proposition 3.7(1 and 3). □ 



For a state w on a unital *-algebra A, we will denote any GNS representation 
of {A,uj) by {H, l), which is a Hilbert space H and a linear mapping l : A ^ H 
such that (i(a),6(&)) — oj{a*b) for all a,b € A and with i{A) dense in H. The 
corresponding cyclic vector will be denoted by :— t(l). Note that we use the 
convention where inner products are conjugate linear in the first slot. For elements 
of A we'll use the notation 11^=1 '^j ^o denote the product ai...ak in this specific 
order. Lastly we remind the reader that we are still using the group G as described 
in Section 2, and as was mentioned there the fact that G is abelian becomes essential 
in the current section. 

Definition 4.1. Let (A, tj, r, G) be a *-dynamical system where A has a submulti- 
plicative norm. Such a *-dynamical system is said to be M- asymptotically abelian 
relative to (A„), where M C Hom(G), if G ^ A : g i-^ T^{g){b) is continuous, and 



for all a,b € A, and for all ip e A/, where [a, b] := ab — ha. 

Under this assumption, we show that weak mixing implies weak mixing of all 
orders. Our approach is strongly influenced by that of [M] for the case of a measure 
theoretic dynamical system and the group Z. The proof is by induction, two steps 
of which are given by the following: 

Proposition 4.2. Given M C Hom{G), let {A,uj,t,G) denote any C*-dynamical 
system such that G ^ A : g '''v(g) f^*^) continuous for all a & A, and for all 
(p ^ M . We are going to work with a collection of such systems, but with G, (A„) 



4. Weak mixing of all orders 
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and M fixed. Given k € N, let (fi, . . . , (pk denote elements of M and ao,. ■ ■ ,ak 
elements of A. Set ipo{h) = e for all h £ G. Consider the following statements: 



l[k]: lim 

n— >-oo 

2[k]: lim 

n— )-oo 

3[k]: lim 

n— >-oo 




Then 

(1) l[k] implies 2[k]. 

(2) If 3[k] holds for all M-weakly mixing {A, u), r, G) which are M -asymptotically 
abelian relative to (A„), all ai,...,afe and all distinct ipi,...,(pk with ipj ^ ipi when 
j ^ I for j,l e {l,...,fc}, then l[k] also holds for all M-weakly mixing {A,u},t,G) 
which are M -asymptotically abelian relative to (A„), all ao,...,ak and all distinct 
ifii, <^fe with (pj 7^ (pi when j ^ I for j, I € {1, k}. 



Proof (1) Trivial. 

(2) Let K := 11^=1 ^i^j)- the assumption we have that 




= {t{ao),Kn) 

k 

= n '^^'^i'> 

3=0 



First note that Proposition 3.7 (1 and 2) imply that the product system {A (g) 

A,ijj (E)lJ,t ® T,G) is M-weakly mixing. Since \\a ® &|| < ||a|| it is also easy 
to verify that {A ^ A,w ^lJ,t ^ t,G) is M-asymptotic abelian relative to (A„). 
Hence by the equality above (which applies to all systems which are both M-weakly 
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mixing and M-asymptotic abelian) we obtain 



lim 



3=0 



dg 



2 



J=0 



proving 1[A:] by Corollary 3.5 and Lemma 3.6. 



□ 



Note that the only property of M-wcak mixing and M-asymptotic abelianncss 
which is used in Proposition 4.2's proof, is that if a system is M-weakly mixing, then 
so is its product system, and similarly for M-asymptotic abelianness. Proposition 
4.2 would still hold if wc just considered A^f-weakly mixing systems for example, or 
systems with some abstract property, call it E, as long as the product system is 
again an E dynamical system. M-weak mixing and M-asymptotic abelianness will 
be used more directly in subsequent steps. 

In order to complete the induction argument, we need 1[1], and that if 2[A; — 1] 
holds for all relevant systems, then the same is true for 3[k]. The latter requires 
some more work, and we will need to specialize the M that we will allow. Firstly 
note that since the group G is abelian, we have for any homomorphisms (pi and (p2 
of G that the function ip' : G ^ G defined by 

(4.1) p'{g):=p2{g)-'M9) 
is also a homomorphism of G. 

Definition 4.3. Let M C Hom(G). We call M translational if for all ipi,ip2 G M 
with ipi ^ (p2, the homomorphism ip' defined by (4.1) is also in M. 

Proposition 4.4. Let {A, ui, r, G) be a C* -dynamical system which is M-asymptotic 
abelian relative to (A„), with M translational. Set po{g) = e for all g G G. Assume 
that for some k €N 

^ . / k-l \ k-l 

for all ao,...,ak-i € A and pi, ...,pk-i G M with pj ^ pi when j ^ I for j,l € 
{1, k — 1}, and in particular the existence of the limit is assumed. Now set 
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for all h E G, where n :— Y\j=i '^('^j); /o*" 'J given set of aj G A and (fj G M with 
ipj 7^ (fi when j ^ I for j, / G {1, fc}. Then 

1 



'jh := lim 



exists (inhere (•, •) is taken in H), and 



{ug.Ugh) dg 



for all h eG. 
Proof. We have 



fc \ I 

/ \J=1 



-KCJ I YlT^^ig)iaj) 



We now consider each of the terms in the last expression separately: 
(a) We see that 



\j=~k 



where &, 



1, 



if-fc<j<-l; 

if 



T^jWia-j), ifl<j<fc. 
For r_fe, ...,Tk e A with ||Tj || < c, one has (see Lemma 7.4 in [18]) that 



fc / k 

n - ^0 n ^-^^^^ 
j=-k \]=i 



k r— 1 



r=l l=~(r-l) 



and applying this to Tj — r^^.^^g-^ ihj) with c := max_/i;<j</j \\bj\\, and keeping in 
mind that |lTg(a)|| = ||a||, it follows that 



fc fc 
i=-fc i=i 



r — 1 



r'=l/=-(r-l) 
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Since M is translational, and {A, uj,t,G) is asymptotically abelian relative to (A„), 
it follows that 



lim 

n— J-oo jJLyA. 



fc-i 

= ]J w(6_(j+i)6j+i) 

by using (4.4.1), where Lp'j{g) := ^i(g)" Vi+i(.9) for all g eG and j = 0, . . . , fc - 1, 
so 9?^- e M for J = 1, . . . , fc — 1 since M is translational. Note that cpj ^ ip[ when 
j ^ Z for J, Z G {!,..., fc — 1} and v'o(fi') = ^ =^11 g G G, as required in our 
assumption. Hence 



lim 



(b) It follows as in (a) that 



fc-i 

= K 



by assumption. 
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(c) Lastly, using similar arguments as before, 




fe-i 
fc-i 

= K. 

(d) From (a)-(c) 

k 

and in particular 7/1 exists. □ 

Next we prove that weak mixing implies weak mixing of all orders. This is where 
our van der Corput lemma is finally applied, along with Propositions 4.2 and 4.4. 
We need one more definition: 

Definition 4.5. A F0lner sequence (A„) in G is said to satisfy the Tempelman 
condition if there is a real number c > such that 

for all 71 G N. 

See [17] for some discussion and further references related to this condition. 

Theorem 4.6. Assume that there exists a F0lner sequence (A„) in G, satisfying 
the Tempelman condition, and such that (A,^"'^A„) is also a F0lner sequence in 
G. Let M C Hom{G) be translational. Let {A,uj,t,G) be an AI -weakly mixing 
C* -dynamical system which is AI -asymptotically abelian relative to (A„). Assume 
furthermore that G ^ A : g ^ ''"^(s) continuous in the norm topology on A 

for all Lf G AI and all a £ A. Then 



n^oo ^(A„) 







k 










dg = Q 






J=0 





for any Oj G A and any ipi, ipk G AI with ipj 7^ ipi when j ^ I for j, I G {1, k}, 
and with >fo{g) = e for all g €z G. 

Proof. We need to complete the induction argument started in Proposition 4.2, and 
we will continue using its notation and that of Proposition 4.4. Since G ^ A : g 
T^(g){a) is continuous, so is G — s- ^ : g 1— ^ 11^=1 ''''Pj{g)i^j) the norm-topology on 
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A. We then also have that G ^ H : g ^ l (^H^^i '''vj(a)i^j)^ continuous, since 
|lt(a)|| < l|a||. It follows that 

G X G ^ R : (<7,/i) r^^.(g)(aj) j ,i ^[J r^^.(/i) (%) 

is continuous and hence G x G — > C : (g, /i) »— {ug, Uh) is continuous and therefore 
Borel measurable. Note that g H> {ug,x) is also Borel measurable for all x ^ H. 
Furthermore, G -+ H : g ^ Ug is bounded. (We need these properties, since we 
will be applying Theorem 2.6 to the function g i— >■ Ug.) Since //(A~^A„) < c//(A„), 
and we have M-weak mixing relative to (A~^A„) by Corollary 3.8, it follows that 



(4.6.1) lim — — / \u {aT^ig){h)) - uj{a)u{h)\ dg = 

for all a,h ^ A and ip e M . By Proposition 4.4, assuming 2[k — 1] for all M-weakly 
mixing C*-dynamical systems, which are Af- asymptotically abelian relative to (A„) 
(for the given G and (A„)), and of course for all oq, a/c-i and all Lpi, ipk-i S M 
with Lpj ^ Lpi when j ^ I for j, / G {1, k — 1}, we have 



Ih := 



™ ~iI(KZ) L "^''^ dg = f[uj {a* (T^^(h)(a,))) - f[ |w(aj)l 



for any ai, and all (pi, ipk S M with ipj ^ ipi when j ^ I for j,l G {1, fc}, 
for all h G G. Using the following identity (also see Section 4 in 14i) 

k k k \ / k 

(4.6.2) n - n = E n ^0 ~ '^^^ n 

j=i 3=1 j=i \;=i / \i=j+i 
which holds in any algebra and is easily verified by induction, it follows that 

/ |7h|d/i<E^^- n / |c.(a*(r^,(,o(a,)))-Ma,)nd/i 



where Aj := sup^^gg 
Note that 



7?i| dh exists, since the integrand is continuous. Hence 



lim — — — r / \jh\dh = 



m— ^oo 



by (4.6.1). From Proposition 2.8 and Theorem 2.6 we then have 

1 f 
lim — — — / Uqdg — 

i.e., 3[fc] holds for all Af- weakly mixing C*-dynamical systems, which are M- 
asymptotically abelian relative to (A„), and all ai,...,ak and all ipi,...,ipk G M 
with (fj 7^ (fii when j ^ / for j, I G {1, fc}. But 1[1] holds for all ap, ai G A and all 
ip G M for all Af-weakly mixing C*-dynamical systems, which are Af- asymptotically 
abelian relative to (A„), by Definition 3.2(i), completing the induction argument 
started in Proposition 4.2, and proving 1[A;] for all fc G N. □ 
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We now briefly consider simple examples of F0lner sequences with the required 
properties. 

In the case where G = Z with the counting measure ^, and A„ = {— n, . . . , n} 
which is F0lner in Z, we have A~^A„ — {—2n, . . . , 2n} which is also F0lner, and 
< M(A;:^ArO < 2Ai(A„) for n > 1. Similarly for Z'. 

As another example, let A^ be the closed ball of radius m in for any positive 
integer q. Note that (A^) is a F0lner sequence in R"^ with A~^A„j — A2m, and 
//(A„iA,„) = 2V(A,„). 

Concerning the assumption that M is translational, a simple example would be 
of the following type: Use the group G — R"^. Let M be all q x g non-zero diagonal 
real matrices acting as linear operators on W . (We exclude the zero matrix simply 
because this would make Af-weak mixing impossible.) Then M is a translational 
set of homomorphisms of W . The same is true if we drop the condition that the 
matrices be diagonal. Similarly if we work with Z' instead of and use matrices 
over the integers. These examples work simply because if </?i, 1^2 G M and ipi ^ ip2 
then -(p2ig) + Viig) = [Vi - f2){g) while (fi - (p2 ^ M. 

5. Compact systems 

In this section we prove a Szemeredi type property for compact C*-systems as 
defined in Definition 5.1 below. Again we follow the basic structure of the proof 
given in |14] . but we have to take into account certain subtleties and technical 
difficulties arising from working with a noncommutative C*-algebra rather than 
with the abelian algebra L°^(i') used in [14 , and with more general groups and 
semigroups than Z and N. First some notation and terminology. 

A linear functional w on a ^-algebra A is called positive if a;(a*a) > for all 
a ^ A. This allows us to define a seminorm || • on A by 

||a||^ := Vw(a*a) 

for all a G A, as is easily verified using the Cauchy-Schwarz inequality for positive 
linear functionals. 

A set V in a, pseudo metric space (A", d) is said to be s-separated, where e > 0, if 
d{x, y) > s for all a;, y e y with x ^ y. K set _B C AT is said to be totally hounded in 
(AT, d) if for every e > there exists a finite set C X, called a finite e-net, such 
that for every x G B there is a ?/ £ with d{x,y) < e. It is then not difficult to 
show that for any e > there exists a maximal set (in the sense of cardinality, or 
number of elements) V <Z B that is e-separated, and furthermore, if _B ^ 0, then 
V is finite with \V\ > 0. 

Definition 5.1. Let a; be a positive linear functional on a *-algebra A, K a semi- 
group, and Tg : A ^ A a linear map for each g G K such that 

TgOTh= Tgh 

and 

lk,(a)L = ||aL 

for all g,h E K and a E A. Assume that the orbit 

Ba := {Tgia) : g e K} 
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is totally bounded in {A, \\ ■ for each a & A. Then we call {A, uj, r, K) a compact 
system. If furthermore ^ is a C*-algebra and ||Tg(a)|| < ||o|| in A's norm for all 
a £ A and g e K, then we refer to (A^lj^t, K) as a compact C*-system,. 

In particular, if the orbits of the *-dynamical systems and C*-dynamical systems 
in Definition 3.1 are totally bounded in {A, \\ ■ \\^), then those systems will be called 
compact. Using the GNS construction, it is not too difficult to sec that the 
definition of compactness mentioned in Section 1 is a special case of Definition 5.1. 

In this paper weakly mixing systems and compact systems appear as part of 
the structure of ergodic systems, so concrete examples of weakly mixing systems 
and compact systems are not crucial for our goal. Nevertheless, it is interesting to 
look at an example of a compact C*-dynamical system in which the C*-algebra is 
noncommutative. To do this we need a few simple tools, which we now discuss. 

First note that if a set in a C*-algebra A is totally bounded in A (i.e. in terms 
of A's norm), then it is also totally bounded in {A, \\-\\^) for any positive linear 

1 /2 

functional ui on A, since |H|j^<||w|| ||-|| (keep in mind that ui is bounded, since 
it is positive and A is a C*-algebra). Hence, if we can prove that the orbits of a 
given C*-dynamical system {A,ui,t,K) are totally bounded in A, then it follows 
that the system is compact. Of course, this is then a stronger form of compactness, 
but Example 5.4 happens to possess this stronger property, and it turns out to be 
easier to prove this than to prove compactness directly in terms of ||-||^, since A's 
norm is submultiplicative, which makes it easier to work with than \ \-\\^. 

In Lemma 5.2 and Proposition 5.3 below, we work with a C*-algebra A, an 
arbitrary set K, and a *-homomorphism Tg : A — > A for each g G K. When we 
say that an "orbit" (a^) = (ag)ggj^- is totally bounded in a space, we mean that 
the set {flg : g E K} is totally bounded in that space. For any subset 93 C A 
we will denote the set of all polynomials over C generated by the elements of 03 
and their adjoints, by p(2J), i.e. p(2l) consists of all finite linear combinations of 
all finite products of elements of 23 U 2T* with 93* := {a* : a e 93}. We wiU use 
the notation XY := {xy : x E X,y Y} whenever X and Y are sets for which this 
multiplication of their elements is defined. 

Lemma 5.2. // (Tg(a)) is totally bounded in A for every a in some subset 93 of A, 

then (Tg(a)) is totally bounded in A for every a G p(93). 

Proof. Consider any a,b € A for which {Tg{a)) and {Tg(b)) are totally bounded in 
A, and any £ > 0. By the hypothesis there are finite sets M,N C A such that 
for each g € K there is an € M and a bg £ N such that ||T£,(a) — ag\\ < e and 
\\Tg{b)-bg\\<e. Clearly 

lks(a)Tg(6) - ttgbgW < \\Tg (o) \\\\Tg (b) " 6g 1 1 + \\Tg (g) " 1 1 1 1 6g 1 1 

<£(l|Ts(a)|| + ||6,||) 

but note that ||Tg(a)|| < ||a||, since Tg is a *-homomorphism and A is a C*-algebra, 

while < ||Tg(&)|| + e < \\b\\ + e. Since MN is a finite subset of A, and 

agbg G MN, it follows that {Tg(ab)) is totally bounded in A. Similarly {Tg{a*)) 
and {Tg{aa + j3b)) are totally bounded in A for any a, /3 e C, and this is enough to 
prove the lemma. □ 

Proposition 5.3. Now assume that A is generated by a subset 93 C A for which 
Tg(93) C J3(93) for every g G K. Also assume that {Tg{a)) is totally bounded in A 
for every a e 93. Then {Tg{a)) is totally bounded in A for every a £ A. 
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Proof. Firstly it is easily shown that if 1" is a dense subspace of a normed space X, 
Ug : Y ^ Y is linear with \\Ug\\ < 1 for aU g & K, and {Ugy) is totally bounded in 
X for every y ^ Y (or in Y for every y G y), then for the unique bounded linear 
extension Ug : X X the "orbit" {Ugx) is totally bounded in X for every x G X. 
(We also used this fact when we discussed the GNS-construction above.) 

Now simply set X = A, Y = p(93) and Ug = Tg, then by our assumptions and 
Lemma 5.2 all the requirements in the remark above are met. □ 

Example 5.4. We consider a so-called rotation C*-algebra, and use Proposition 5.3 
to show that we obtain a compact C*-dynamical system. As described in Chapter 
VI of 6 , let := L^(R/Z) and define two unitary operators U and 1^ on by 

{uf) {t) = ,f{t + e) 

and 

{Vf) (t) - e^^^'fit) 

for / e i^, where 6 d M. (though the interesting case is 9 ^ Q). These operators 
satisfy 

(5.4.1) UV = e^'^'WU. 

Let 21 be the C*-algebra generated by U and V. Note that 21 is noncommutative 
because of (5.4.1). Then, as shown in Chapter VI of •6i, there is a unique trace 
w on 21, i.e. a state with uj{ab) — uj{ba). Define r : 21 — >■ 21 by r(a) = U*aU for 
all a G 21, then r is a ^-isomorphism and therefore ||T(a)|| = ||a||, since 21 is a 
C*-algebra. Also, since w is a trace and U is unitary, ||T(a)||(^ — \\a\\i^ for all a 6 21. 
Hence (21, a;,T, N) is a C*-dynamical system, where by slight abuse of notation r 
here denotes the function n H> r" as well, to fit it into Definitions 3.1 and 5.1's 
notation. 

We now show that (21, w,r, N) is compact: It is trivial that {t"-{U)) — {U) is 
totally bounded in 2t. Furthermore, t"(^) = (C/*)"FC/" = e~2^'"V by (5.4.1). 
Since the unit circle is compact, it follows that {t"{V)) is totally bounded in 21. 
From Proposition 5.3 with 5J = {[/, V} we conclude that (r"(a)) is totally bounded 
in 2t for all a G 21. In particular (21, a;,T, N) is a compact C*-system. Similarly 
(21, cli, r, Z) is a compact C*-dynamical system. 

Now we resume the general theory. 

Definition 5.5. Let K he a. semigroup. We call a set i? C relatively dense in 
K if there exist an r G N and gi, . . . , gr & K such that 

En{ggi,...,ggr} ^ 

for all g € K. 

Strictly speaking one could call this left relative denseness, with the right hand 
case being defined similarly in terms of gjg, but we will only work with Definition 
5.5 in this paper. The usual definition of relative denseness of a subset £' in N is 
in terms of "bounded gaps" (see [19] for example), and it is easy to check that in 
this special case the two definitions are equivalent. 

Proposition 5.6. Let K be a semigroup, (X, \\ ■ ||) a seminormed space, and Ug : 
X X a linear map for each g ^ K such that UglJh — Ugh and \\Ugx\\ > \\x\\ for 
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all g,h ^ K and x £ X. Suppose that Bx^ := {UgXo ■ g G K} is totally bounded in 
{X, II • II) for some xo € X. Then for each £ > 0, the set 

E :={g gK : \\UgXo - Xo\\ < e} 

is relatively dense in K. 

Proof. Since Bx„ is totally bounded in {X, \\ ■ ||), there is a maximal V = {Ug^xo, ■■■,Uc 
with Ug.xo UgiXo whenever j ^ I, which is e-separated. But \\Ug>gg-XQ — 
Ug'ggiXoW > \\Ug^XQ-Ug,xo\\ for any fif, fif' G K,henceVg'g := {Ug'gg.xa, ...,Ug'gg^xo} 
is c-separated, with r elements. Since Vg'g C Bx^,, it is also maximally e-separated 
in Bxo- But Ug'Xo G Bx^, therefore \\Ugg.Xo - xo\\ < \\Ug>gg.xo - Ug>Xo\\ < e for 
some j G {1, . . . , r}. The last inequality follows from the maximality of Vg>g in the 
following way. Suppose this inequality wasn't true for some j, then Vg'g U {Ug/Xo} 
would be e-separated and contained in Bx^, but with strictly greater cardinality 
than Vgig, since it would have one more element, namely UgiXo (which of course is 
not already in Vg^g if the inequality doesn't hold for any j), contradicting maximal- 
ity. 

Hence, for each g G K there exists an /i e {ggi, ■ ■ ■ , ggr} such that ||i7/ia;o — a;o || < 
e, i.e. 

En{ggi,...,ggr}^0 
for all g G K, and so E is relatively dense in K. □ 

Corollary 5.7. Let {A, ui, t, K) be a compact system and let mo, mu G N U {0}. 
For any e > and aG A, the set 

E:={gGK : ||rgm,. (a) - a\\,j < s for j = 0, k} 

is then relatively dense in K, where we write Tgo{a) = a. 

Proof. Without loss we can assume that none of the mj 's are zero. Then the 
result follows from Proposition 5.6 with e replaced by e/ max{mo, . . . , ruk}, since 
for every j = 0, A; we have 

Ikff^j (a) - a\\u; 

< \\Tgr-j (a) - Tg,n^-l{a}\\u; + \\Tgmj-^{a) - T^m,- -2 (fl) 1 1 „ + ...+ \\Tg{a) - a\\u, 

= WTg^^i-^iTgia) - a]L + 11^,-2 [rg(a) - a\\\u; + . . . + \\Tg{a) - a\\^ 
= m,j\\Tg{a) - a\\^ 

< e 

for all g G K for which ||Tg(a) — a\\uj < ej max{TOo, • • • , ™fc}- D 

A positive linear functional u; on a C*-algcbra A is bounded, and without loss 
we can assume that ||w|| — 1 (the case w = being trivial), i.e. w is a state on A. 
By the Cauchy-Schwarz inequality we have 

|a;(a6)| < \\a*\\^ \\h\\^ < v^M IHL = IHI ll&IL 

A trace is defined to be a state w on a C*-algebra A such that a;(o6) = a;(6a) for 
all a,h G A. Note that from the previous inequality we then we have 

(x)(a6c)| = \Lo{cab)\ < ||a|| ||&||w||c|| 

for all a,b,c G A. This fact is used in the proof of Lemma 5.8. The set of positive 
elements of A will be denoted by ^4+. 
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Lemma 5.8. Let A be a C*-algehra and u a trace on A 
\\h\\ < 1 and oj{h) > 0. Lei fc e N U {0}, then uj{h^+^) 
e > such that e < uj{b'^~^^). Consider co,...,Cfe e 
\\cj - b\\^ < e/{k + 1) for j = 0, . . . , k. Then 



Suppose that b G A+ , 
) > so we can choose 
A such that lie, 11 < 1 



\j=0 



> LO (6'=+^) - £ > 0. 



Proof. We clearly have oj{b''~^^) > 0. Furthermore, 



^ I n - n ^ 

j=0 j=0 




where we've used (4.6.2). 



□ 



Corollary 5.9. Let {A,uj,t,K) be a compact G*-system with ui a trace. Suppose 
that a e A+, and oj{a) > 0. Take any mo, • • • , Wfc € N U {0} and any e > with 
e < u (0*^+^) . Then there exists a relatively dense set E in K such that 



UJ 



n 

\j=0 



:(a) 



> w (a'^+i) - £ > 



for all g £ E. 



Proof. Since co{a) > 0, ||a|| > 0, so we can set b := a/ \\a\\. For Cj := Tg">j(6) we 



have lie,- 1 1 < 



= 1, so from Lemma 5.8 it follows that 



>u;(6'=+i) 



\k+l 



for every g & K ior which ||rg">j (6) — 6||[^ < s/ ||ci||*'^^ {k + 1) for all j = 0, fc. By 
Corollary 5.7 this set of g 's is relatively dense in K. □ 

So far in this section wc have not used F0lncr sequences. However, for the 
remainder of this section we again make use of such sequences, so let G and (A„) 
be as in Section 2; in particular G is abelian. We can make a simple refinement 
without complicating the proofs, namely in the rest of this section let K he a 
Borel set in G which forms a (necessarily abelian) semigroup and contains each A„. 
We then say that (A„) is a F0lner sequence in K. (A trivial example is G = Z, 
An = {l,...,n} and K = N.) This is just to make clear that only semigroup 
structure is used in this section. In the next section, where Theorem 5.13 below is 
applied, we will of course take K to be G. Let S denote the cr-algebra of Borel sets 
of G that are contained in K. 

Remark. It is also interesting to note that the arguments below do not require the 
semigroup K to be abelian, however this would require the existence of a slightly 
different type of F0lner sequence. Namely, if G were non-abelian, and right 
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invariant, one would have to assume the existence of a sequence (or a net) of 
Borel sets (A„) of G (which are contained in K) with < /x(A„) < oo such that 
lim„_>.(x, jJL (A„A((jiA„)) /ij.{An) = or all 3 € K. Note that g is to the left of the 
set despite /z being right invariant. 

Before we reach the main result of this section, we have to discuss F0lner se- 
quences a bit further. 

Lemma 5.10. Take any Qn & K for each n. Then the sequence 
is also a F0lner sequence in K. 

Proof. Since K has the right cancellation property, we have {Ag)A{Bg) = {AAB)g 
for all A,B <Z K and g e K. Hence 

M((A„g„)A(g(A„gc.))) ^ M ((A„A(gA„))ff„) 

H{Angn) ljL{kngn) 

^ /X (A„A(ff A„)) 
/u(A„) 

— y 

as n — >■ 00. □ 



Definition 5.11. Let (A„) be any F0lner sequence in K. Consider any V & and 

set 

m(A„ n V) 

— • 'rr> ^ 'ri > — iirri itit 

M(Am) 



n— >-cxD 



. ^ , iijAm n V) 

mi < —^—r-. — ^ — : m> n 



I lim inf ■ 



m(a„) 

If Z)(A„)(V) > 0, then we say that V has positive lower density relative to (A„). 
It is easily checked that £>(a^)(F) in this definition always exists. 

Lemma 5.12. Let E gT, be relatively dense in K. Then: 

(1) There exists an r S N and gi , . . . , g^ G K such that the following holds: for 
each B GTt with n{B) < 00 there exists a j G {1, . . . , r} such that ii{{Bgj) C\E) > 

(2) E has positive lower density relative to some F0lner sequence in K. 

(3) Let f : K ^ M a Y,-measurable function with / > 0. Assume that f{g) > a 
for some a > and all g G E € 'E. Then there exists a F0lner sequence (A„) in K 
such that 

lim inf — tt-^ / fd/j, > 0. 

Proof. (1) Let gi,...,gr be given by Definition 5.5. Set Bj := {b G B : bgj £ E} 
for j = 1, . . . , r, so Bjgj = (Bgj) Ci E E and hence Bj £ S. Now, for any b G B 
we know from Definition 2.3 that E n {bgi, . . . , bgr} ^ 0. So bgj £ E for some 
j G {1,. . ., r}, i.e. b G Bj. Hence B = Uj=i therefore 

r r r r 

f,{B) = /z(|J Bj) < Y,ii{Bj) =J2l^iBjgj) =J2l^iiBgj) n E) 
j=i j=i j=i j=i 

from which the conclusion follows. 
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(2) Consider any F0lner sequence (A„) in K. Let gi, gr G K he as in Defi- 
nition 5.5. For each n it follows from (1) that there exists a j{n) G {1, . . . ,r} such 
that 

A^((A«gj-(«)) n^) ^ 1 

K^ngjin)) ~ r 

where we also made use of /i(A„gj(„)) ~ /i(A„). But it follows from Lemma 5.10 
that (A^) given by A^ := Angj(^n) is a F0lner sequence in K . Furthermore, 

D(A'jiE) = hmmf ^^ " > lim - = -. 

(3) By (2) there exists a F0lner sequence (A„) in K such that 



lim inf — - — - / fdfjL > lim inf — — — - / a dg — aDif^ \ (E) > 

n^oo fi{An) Ja„ K^n) JA^nE 



□ 



Finally we reach the goal of this section, namely a Szemeredi type property for 
compact C*-systems: 

Theorem 5.13. Let {A,Ll!,t, K) be a compact C*-system with lo a trace and K a 
Borel measurable semigroup in G such that A„ C K for every n, where G and (A„) 
are as in Section 2. Let a G with uj(a) > 0. Take any toq, • • • , "rrik G N U {0}. 

Assume that g ^ uj (^Il^=o '^g'"^ (^)) 9 ^ (^) ~ "^IL '^'^^ Yi-measurable on 

K for j — 0,1, ... ^k. Then there exists a F0lner sequence (A^) in K such that 



lim inf 




dnig) > 0. 



Proof. This follows from Lemma 5.12(3) and Corollary 5.9, since E = {g G K : 
ll^g^j (a) — a\\ui < £ for j = 0, k} is S-measurable. □ 



Note that if for example we assume that g ^ Tg(a) is continuous in ^'s norm, 

^ ,,n ■ ( n\ \ €t-nA n i k 1 1 t- ^ . ( ri 



then both g ^ ljJ (nJ=o ''g'"^ (°^) ) ^^'^ 9 ^ II ''ff™' (a) ~a|U are continuous and hence 



Borel measurable. 



6. Ergodic systems 



In measure theoretic ergodic theory it is well known that a system is weakly 
mixing if and only if it contains no non-trivial compact factors. In this section we 
show that this result can be extended to noncommutative ergodic theory, where 
the measure space (and its algebra of L°°-functions) is replaced by a cr-finite von 
Neumann algebra and a faithful normal state. To avoid confusion we stress that 
the word "factor" as used in this paper does not refer to a von Neumann algebra 
which is a factor (i.e. has trivial center), but to a subsystem of a dynamical system 
as defined below. The two main ingredients of the proof are a so-called "proper 
value theorem" due to St0rmer (Theorem 2.5 in [ID]), and the splitting theorem of 
Jacobs-Deleeuw-Glicksberg (see Section 2.4 in [16]). Once this is done, we prove 
our final result regarding the Szemeredi property in ergodic systems. 

In this section C? is a completely arbitrary group for which we will state additional 
requirements (like being abelian or locally compact) as needed. 
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Definition 6.1. A W*- dynamical system (A, aj,T, G) consists of a von Neumann 
algebra A on which we have a faithful normal state w, and where r : G — ?>Aut(A) : 
5 I— > Tg is a representation of any abelian group G as *- automorphisms of A (i.e. 
Te = idyl and Tg o Th = Tgh), such that uj o Tg = uj for all g in G. 

Note that the existence of a faithful normal state on A in this definition implies 
that A is cr-finite (see for example Proposition 2.5.6 in [5 ). It is convenient to work 
in the GNS representation of such a system and for certain intermediate results the 
group G need not be abelian, therefore we will mostly work with the following: 

Definition 6.2. A represented system {R,ujQ,a) consists of the following: Firstly 
a von Neumann algebra R on a Hilbert space H, a unit vector VL ^ H which 
is cyclic and separating for R, in terms of which we define a state on R by 
u)^{a) = (ri,ar2). Furthermore we have a unitary representation U : G ^ B{H) : 
5 i~> [/g of an arbitrary group G (i.e. Ug is a unitary operator, Uf, = I and 
UgUii — Ugh), such that Ugil — ft and UgRU* C R for all g ^ G, and in terms of 
which a : G — >-Aut(i?) : g ^ ag is defined by ag{a) = UgaU*. 

The notation in these two definitions will be used consistently, for example ref- 
erence to a represented system will imply the notation {R, ujq, a), H, G and U, and 
throughout the rest of this section {R, ajji, ct) is a represented system. Note that the 
GNS representation {H, tt, ft) of a W*-dynamical system {A, uj, t, G) gives us a cor- 
responding represented system (i?, wa, a) where R = n{A) and ag(7r(a)) = 7r(Tg(a)) 
in terms of which U is uniquely defined. Also keep in mind that tt is faithful in this 
situation. 

For a represented system an eigenoperator of a is an a G A\{0} such that there 
exists a function Aq : G — > C with ag{a) — Xa{g)a for all g G G. Note that 
in this case |Aa((7)| ~ 1 for all g E G, i.e. Aa is unimodular and hence a group 
homomorphism to the circle. Similarly an eigenvector of J7 is an a; G i?\{0} such 
that there exists a function Aa: : G ^ C with UgX = \x{g)x for all g. Again note 
that Aa: is unimodular and hence a group homomorphism to the circle. 

For a represented system we will denote the Hilbert subspace of H spanned by 
the eigenvectors of U by Hq. The Hilbert subspace of H spanned by the eigenvectors 
X with Aa; = 1 will be denoted by Hi. Note that Cfi C Hi C Hq, with equahty 
allowed. 

Definition 6.3. A represented system is called ergodic (respectively weakly mixing) 
when dimi?! = 1 (respectively dimi/o = !)• A W*-dynamical system is called 
ergodic (respectively weakly mixing) when its corresponding represented system is 
ergodic (respectively weakly mixing). 

When G is as in Section 2, then ergodicity and weak mixing of the dynamical 
system (A, w,a) as given in Definition 6.3 are equivalent to {idcl-ergodicity and 
{idcj-weak mixing as given in Definition 3.2. For ergodicity this follows from the 
mean ergodic theorem, and for weak mixing it can be shown to follow from the 
general theory in Section 2.4 of |16j . 

For a represented system we define a norm ||-||^ on R by \\a\\^^ — a;o(a*a)^/^ — 
||aSl|| where ||-|| denotes the norm of H. 

Definition 6.4. A factor {N,uj,t) of a W*-dynamical system {A,uj,t,G) con- 
sists of a *-algebra N C A and the restrictions of uj and Tg to N, such that 
Tg{N) C N for all g. Similarly a factor {N,uJn,a.) of a represented system {R,uin, a) 
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consists of a *- algebra N C R and the restrictions of ujn and Ug to N, such 
that ag{N) C N for aU g. Such factors are called compact if respectively ev- 
ery orbit Tcia) = {Tg{a) : g £ G} is totally bounded in [N, ||-||^) or every orbit 
acia) = {oig{a) : g ^ G} is totally bounded in {N, A factor will be called 

nontrivial if R strictly contains CI. 

For a represented system the orbit oix G H will be denoted by Ugx — {UgX : g G G}. 

Let B{H) denote the algebra of all bounded linear operators in the Hilbert space 
if, and let S' denote the commutant of a set 5 C B{H). 

Let B denote the set of all eigenoperators of a together with the zero operator, 
and let G be the ^-algebra generated by B. Set N — C", hence iV is a von Neumann 
algebra contained in R. 

Proposition 6.5. {N,uj^,a) is a compact factor of {R,ujQ^a). 

Proof. It is easily seen that B is closed under adjoints, products and scalar multi- 
ples, hence 



but for a G B we have ah{cig{a)) = Xa{h)ag{a), hence ag{B) C B and ctg{G) C G 
for all g. For any a € N there exists a net (a^) in C such that a^x — ?> ax for 
all X G H according to von Neumann's density theorem. Therefore {x^ag{a^)y) — 
{U*x, ajUgu) {UgX, aU*y) = {x, ag{a)y) for all x,y e H and aU g e G. In other 
words ag{a^) converges in the weak operator topology to 0!g{a), but ag{a^) G C C 
N so by the bicommutant theorem ag{a) G N. This proves that ag{N) C N, and 
therefore {N,ujQ,a) is a factor of (i?, wsi, a). 

Next we show that {N,uJn,o:) is compact. First note that for a G i? we have 
acia) = Xa{G)a or aaia) = {0}, and both these orbits are totally bounded in B 
with the pseudo metric obtained by restricting ||-||j^ to B, since Xa{G) is a subset 
of the unit circle (which is compact) in C. From (6.5.1) we can then conclude that 
acia) is totally bounded in (C, ||-||q) for every a G C. Again by von Neumann's 
density theorem for any a G and £ > there is 6 G C such that ||a — fejlfj = 
Waft — bil\\ < £. Now, if £' is a finite e-net in (C, IHIjj) for TG{b), then from 



for some c <E E we see that _E is a finite 2e-net for aoia), i.e. the latter is totally 



Lemma 6.6. If G is abelian, then Hq is the set of all elements x £ H whose orbits 
UgX in H are totally bounded. 

Proof. This is essentially a special case of general results proven in Section 2.4 of 
[16j . We show how it follows from those general results. Let Hk be the set of all 
elements of H with totally bounded orbits under U. 

Let E be the set of all eigenvectors of U, so Hq = spanE'. Clearly Uax is totally 
bounded for every x G E, since Xx{G) is a subset of the unit circle in C. From this 
it follows that Ugx is totally bounded for every x € Hq. I.e. Hq C Hk- 

Now suppose that Hq ^ Hk- It is straightforward to show that Hk is a Hilbert 
subspace of H, so it follows that there an a; G 7?fc\{0} which is orthogonal to Hq. 
So X G Hv :— HqHq, but Hy is the space of so-called "flight vectors" which means 



(6.5.1) 




bounded. 



□ 
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that there is an S in the weak operator closure Ug of Ug in B{H) such that Sx = 0. 
This is the essence of the sphtting theorem in Section 2.4 of [TB] as apphed to a 
unitary group on a Hilbert space. However, it is easily seen that UgU is relatively 
weakly compact for every y £ H, since any closed ball in H is weakly compact, 
hence according to Lemma 2.4.2 in [TB] Ugx = Ugx where Ugx denotes the 
weak closure of I/qx in H. The norm closure Ugx of the totally bounded set Ugx 
is compact and therefore weakly compact and hence weakly closed, so Ugx C Ugx. 
Putting all this together we have — Sx € Ugx contradicting x ^ and the fact 
that f7 is a unitary group and hence normpreserving. □ 

Proposition 6.7. (1) If {R, u>n, a) is ergodic but not weakly mixing, then the factor 
{N,ujfi,a) is nontrivial. 

(2) If {R,ujfi,a) is weakly mixing and G is abelian, then every element a G M 
with a totally bounded orbit aG{a) lies in CI. In particular (i?,wsi,a) has no 
nontrivial compact factor. 

Proof. (1) According to Theorem 2.5 in [20| the map a i— afi is a bijection from the 
set of eigenoperators of a to the set of eigenvectors of U, where we simultaneously 
note that our definition of ergodicity of {R,LdQ,a) is equivalent to that of pU] 
(namely ag(a) = a for all g implies that a G CI), since D, is cyclic and separating 
for R. Since Hq strictly contains Cil by Definition 6.3, it follows that B strictly 
contains CI, hence N strictly contains CI. Therefore {N, ujq, a) is indeed nontrivial. 

(2) Consider any a £ R with totally bounded orbit, then from ||Q;g(a) — b\\^^ — 
WUgO^l — b^l\\ we see that Ugo-^ is totally bounded in H . So aVl G Cil by Lemma 
6.6 and Definition 6.3, but VL is separating for i?, hence a G CI. In particular the 
*-algebra of any compact factor of {R,ujQ,,a) must be contained in CI. □ 

Using these results, we can now prove 

Theorem 6.8. Let {A,lu,t,G) be an ergodic W*- dynamical system. Then {A,Ll!,t,G) 
is weakly mixing if and only if it has no non-trivial compact factor. 

Proof. Let tt, $7) be the GNS representation of (^, i^) and (i?,a;n,a) the corre- 
sponding represented system. Since tt is faithful (giving a ^-isomorphism A — > i?), 
it is simple to show that a nontrivial compact factor in {A,io,T,G) gives one in 
{R,iOn,a), and vice versa. The theorem then follows from Propositions 6.5 and 



Definition 6.9. A W*-dynamical system {A,uj,t,G), with G as in Section 2, is 
said to have the Szemeredi property if there exists a F0lner sequence (A„) in G such 
that for any fc G N and toi, . . . , G N with mi < . . . < ruk and for all a G 
with uj{a) > 0, 



Theorem 6.10. Suppose that {A,uj,t,G) is a non-trivial (i.e. A ^ C) ergodic 
W*- dynamical system, with G locally compact, second countable, (and abelian, by 
Definition 6.1), and containing a F0lner sequence (A„) satisfying the Tempelman 
condition and such that (A~^A„) is also a F0lner sequence. Let lu be a trace and 



6.7. 



□ 
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9 ^ '''gi'^) continuous for every a €z A. Suppose that for each m G Z\{0} there 
exists a F0lner sequence (r„) and a c > such that 

^ ^ f{r) dg < / fig)dg 



r„ 



for all Borel measurable f : G ^ [0,oo) and all n, and such that (A, w,t, G) is 
{idc} -asymptotically abelian relative to (r„). Then the Szemeredi property holds 
for a nontrivial factor of {A, uj, r, G). 

Proof. Set mo :— and g^ :— e. Let a € A with Lo{a) > 0. From Theorem 6.8 
it follows that {A,uj,t,G) is either weakly mixing or it has a non-trivial compact 
factor. If (A, uj, r, G) is weakly mixing then {A, uj, r, G) is Af -weakly mixing, where 
M := {(pm ■ G Z\{0}} and ipm : G — ?> G : g i— > g"^. This can be seen from 

^ \u>{aTgm[b)) uj{a)uj{b)\ dg < 



— — / \ujiaTgn^{b)) -uj{a)u{b)\dg < —— |w(aTg(6)) - w(a)a;(6)| dg ^ 
OO. Similarly (A, aj,r, G) is Af-asymptotically abelian relative to (A„). 



as n 

Since M is translational, it now follows from Theorem 4.6 that 

k 



lim 



1 



Ai(A„) 



A„ 



UJ 



fe+l 



=0 



and therefore 



lim . . . 



n ^9'"^ 



dg = u;{a)''+' > 



If {A,Lu,T,G) is not weakly mixing, it has a nontrivial compact factor {N,lu,t,G). 
Continuity of .g i-> Tg{a) implies that g ^ uj (^Ilj^o ''9"'^ ('^)) ^-'^'^ 3 ^ ll''g™j (a)— a|U 
are also continuous. The Szemeredi property for {N,uj,t,G) then follows directly 
from Theorem 5.13. □ 

It is easily seen that for G = Zfl and G = such (A„) and (r„) exist: For 
G = Z9 let A„ = {-n, and r„ = {-\m\n, -\m\n + l,...,|m|n}. For R«, 

take A„ = [— n,rt]'' and r„ = |m|A„. 
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